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Poisson–Boltzmann Equation (PBE) 
∇ ⋅ εΓ ∇ϕ − χ+B′￼(ϕ) = − f in Ω

∙ B(ϕ) = β−1
M

∑
j=1

c∞
j (e−βqjϕ − 1)

∙ ϕ : Ω → ℝ : electrostatic potential

∙ εΓ = {ε−  in Ω−
ε+  in Ω+

∙ f : Ω → ℝ : fixed charge density

∙ qj : charge of an ion of jth species

∙ c∞
j : bulk concentration of jth ionic species



Minimize PB electrostatic energy functional IΓ[ϕ]

IΓ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx

over H1
g(Ω) = {ϕ ∈ H1(Ω) : ϕ = g on ∂Ω}

: unique minimizer, is also the weak solution to PBEϕΓ



Penalized PB energy functional IΓ,λ[ϕ] : H1(Ω) → ℝ ∪ {+∞}

IΓ,λ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx + λ∫∂Ω

(ϕ − g)2 dS

•  large penalty coefficientλ :

Theorem

 
∙ For any λ > 0, there exists a unique ϕΓ,λ ∈ H1(Ω), such that

IΓ,λ[ϕΓ,λ] = min
ϕ∈H1(Ω)

IΓ,λ[ϕ];

∙ As λ → ∞, ϕΓ,λ → ϕΓ in H1(Ω) and min
ϕ∈H1(Ω)

IΓ,λ[ϕ] → min
ϕ∈H1

g(Ω)
IΓ[ϕ] .



Neural Network Approach 
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NN architecture S = [n0, n1, …, nm+1]
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Neural Network 

NN function ψθ(x) = Tm+1 ∘ σ ∘ ⋯ ∘ σ ∘ T1(x) = Tm+1(σ(⋯(σ(T1(x)))))

Affine function Ti(x) = Wix + bi

Activation function σ(s) =
1

1 + e−s

NN architecture S = [n0, n1, …, nm+1]



Loss Function 



IΓ,λ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx + λ∫∂Ω

(ϕ − g)2 dS

ψθ(x) = Tm+1 ∘ σ ∘ ⋯ ∘ σ ∘ T1(x) = Tm+1(σ(⋯(σ(T1(x)))))

JΓ,λ[θ] = IΓ,λ[ψθ]

= ∫Ω [ εΓ

2
|∇ψθ |2 − fψθ + χ+B(ψθ)] dx + λ∫∂Ω

(ψθ − g)2 dS

 : convexIΓ,λ[ϕ]  : nonconvexJΓ,λ[θ]

Neural Network penalized PB functional



Neural Network penalized PB functional

JΓ,λ[θ] = ∫Ω [ εΓ

2
|∇ψθ |2 − fψθ + χ+B(ψθ)] dx + λ∫∂Ω

(ψθ − g)2 dS

MC Loss Function
Given , defineN, Nb, {xi}N

i=1 ∈ Ω and {yj}
Nb
j=1 ∈ ∂Ω

̂JΓ,λ[θ] =
vol(Ω)

N

N

∑
i=1

( εΓ(xi)
2

|∇ψθ(xi) |2 − fψθ(xi)) +
N

∑
i=1,xi∈Ω+

B(ψθ(xi))

+λ
area(∂Ω)

Nb

Nb

∑
j=1

(ψθ(yj) − g(yj))2



Algorithm 



Input

• Model parameters: !, ”, ω→, ω+, the function B, f , g, and the penalty coe#cient ε.
• NN hyper-parameters: architecture S, activation function ϑ, learning rate ϖ, number of
sample points N and Nb.

Initialization

• Initialize all the neural network weights.
for k = 1 to M1 do

• Generate N random sample points x1, . . . , xN → ! and Nb random sample points
y1, . . . , yNb

→ ϱ!, all uniformly and independently.

• Formulate Ĵ (k)
!,ω[ς].

for j = 1 to M2 do

• Compute the gradient ↑εĴ
(k)
!,ω.

• Use the ADAM optimizer to minimize Ĵ (k)
!,ω and update the weights ς.

end for

end for

Output

1



Numerical Test 



A model system IΓ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx

Set 


•  for some ; 


•  for ; 


• ;


• ;


•

Ω = (−L, L)3 L > 0

Γ = {x ∈ ℝ3 : |x | = R} R ∈ (0,L)

Ω− = {x ∈ ℝ3 : |x | < R}

Ω+ = Ω∖(Γ ∪ Ω−)

ε− = 1, ε+ = 80.

0

0

Dielectric boundary



A model system IΓ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx

B(s) = cosh(s) − 1

f(x) =

f0 if x ∈ Ω−

sinh ( f0R3 exp(αR)
3ε+(αR + 1)

⋅
exp(−α |x | )

|x | ) −
f0R3 exp(αR)
3ε+(αR + 1)

⋅
exp(−α |x | )

|x |
 if x ∈ Ω+

g(x) =
f0R3 exp(αR)
3ε+(αR + 1)

⋅
exp(−α |x | )

|x |
if x ∈ ∂Ω

ϕΓ(x) =
−

f0
6ε−

|x |2 +
f0

6ε−
R2 +

f0
3ε+(αR + 1)

R2  if x ∈ Ω−

f0R3 exp(αR)
3ε+(αR + 1)

⋅
exp(−α |x | )

|x |
 if x ∈ Ω+



A model system IΓ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx

Define relative error 


 and .∙ Err-P =
∥Φ − ϕΓ∥2

∥ϕΓ∥2
Err-E =

| IΓ[Φ] − IΓ[ϕΓ] |
| IΓ[ϕΓ] |

Set 


; 


; 


.

∙ L = 1

∙ R = 0.75

∙ f0 = 10

IΓ[ϕΓ] ≈ − 3.6172



Test on the penalty method

Set 


• network architecture = [3, 30, 20, 15, 10, 1]; 


• batch size = 6144; 


• learning rate = 1e-02.

Compare 


• penalty coefficient  = 25, 100, 250.λ



Test on the penalty method

Set 


• network architecture = [3, 30, 20, 15, 10, 1]; 


• batch size = 6144; 


• learning rate = 1e-02.

Compare 


• penalty coefficient  = 25, 100, 250.λ

∙ As λ → ∞, ϕΓ,λ → ϕΓ in H1(Ω) and min
ϕ∈H1(Ω)

IΓ,λ[ϕ] → min
ϕ∈H1

g(Ω)
IΓ[ϕ] .





Convergence test: learning rate, batch size, and network 
architecture



Test on learning rate and batch size

Set 


• network architecture = [3, 30, 20, 15, 10, 1]; 


• penalty coefficient  = 250. λ

Compare 


• batch size = 6144, 3072;


• learning rate = 1e-03, 1e-02.





Test on learning rate and network architecture

Set 


• batch size = 6144;


• penalty  = 250. λ

Compare 


• network architecture = [3, 30, 15, 1], [3, 20, 10, 10, 5, 1]; 


• learning rate = 1e-03, 1e-02.





Test on the growth of weights
Set 


• network architecture = [3, 30, 20, 15, 10, 1];


• batch size = 6144; 


• penalty coefficient  = 250.λ

Compare 


• learning rate = 1e-03, 1e-02.





Applications to Solvation of Charged Molecules 



Simple Ions 
Set


• ;


• ;


• .

Ω− = {x ∈ ℝ3 : |x | < R}

Ω+ = {x ∈ ℝ3 : R < |x | < A}

Γ = {x ∈ ℝ3 : |x | = R}
Q R

≠°

A

≠+



Electrostatic energy

Born’s energy: 


∙ EBorn(R) =
Q2

8πR ( 1
ε+

−
1
ε− )

Approximation of Born’s energy: 





 is a constant

∙ Eele,A(R) =
Q2

8πR ( 1
ε+

−
1
ε− ) −

Q2

8πε+A
+

Qg
2

∙ g

Q R

≠°

A

≠+



Total VISM energy





Set 

F(R) =
4π
3

P0R3 + 4πγ0R2 − 8πγ0τR + 16πρwεLJ ( σ12
LJ

9R9
−

σ6
LJ

3R3 ) + Eele(R)

g = Q/(4πε+A), A = 4, and λ = 250



Simulation Results 

F(R) =
4π
3

P0R3 + 4πγ0R2 − 8πγ0τR + 16πρwεLJ ( σ12
LJ

9R9
−

σ6
LJ

3R3 ) + Eele(R)



Transfer learning: Use Q = 0.0 to train Q = 0.5, 1.0, 1.5 and 2.0



Real Simple Ions 

F(R) =
4π
3

P0R3 + 4πγ0R2 − 8πγ0τR + 16πρwεLJ ( σ12
LJ

9R9
−

σ6
LJ

3R3 ) + Eele(R)



BphC 



Test


• Tight & Loose;


• d = 4, 6, 8, 10, 12, 14, 16 Å

Use penalized PB electrostatic free-energy functional 
IΓ,λ[ϕ]

IΓ,λ[ϕ] = ∫Ω [ εΓ

2
|∇ϕ |2 − fϕ + χ+B(ϕ)] dx + λ∫∂Ω

(ϕ − g)2 dS





Transfer learning: Use Loose d = 8 to train d = 10



Conclusion and Discussion 



Conclusion 
• Developed a neural network approach to solving PBE;

• Introduced penalized PB energy functional and proved the convergence;

• Designed an algorithm for minimization and demonstrated the performance;

• Applied it with VISM to applications to simple ions and BphC;

• Interesting discovery: 


landscape of loss function;


transferability of network weights.



Discussion 
• Low-dimensional PDEs, not accurate or efficient;

• ML theory? Convergence analysis and error estimates?

• Hyperparameters?



Thank you! 


